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Abstract

In this paper, we introduce the new concept of block coloring for graphs. Different kinds of
coloring such as coloring of vertices[1], coloring of edges [2] and coloring of faces[3] have
already been defined for various types of graphs As the block graphs find enumerable
applicationsin network theory,we introduce the theory of coloring of blocks in graphs, named
as block coloring and study on blocking coloring of specific graphs.The main objective of
this paper is to introduce coloring of blocks and explicitly define block coloring for path,
cycle, complete graph,k —barbell graph, windmill graph, friendship graph, cactus graph,
bipartite graph and their extensions, with suitable examples.

Keywords: Block coloring, AUM block coloring, path,friendship graph, cactus graph.
1. INTRODUCTION

In 1852 Graph coloring was used by Francis Guthrie to color the map of countries of
England and found only four colors were required. Thus initiated the theory of graph
coloring[3]. Vertex coloring was introduced by Brooks, R. in 1941 [1]. Edge coloring of the
graph was introduced by Andersen, Lars Degvling in 1977 [2]. There are several coloring of
graphs studied across the globe namely domianator coloring [4], Total dominator coloing [5],
power dominator coloring [[6] —[9]], Rainbow dominator coloring [10] etc.

In this paper, we define the block coloringfind AUM block chromatic number for
path, cycle, complete graph windmill graph, friendship graph, cactus graph, bipartite graph.
Suitable examples are given for each labeling on the specified graphs. Throughout this paper,
let consider thegraph G, which is simple, finite, connected, G = (V (G), E(G), B(G)),

[V (®| =k, |EG)| = m|B(G)| =L

2. PRELIMINARIES

Definition 1[11]:In a graph, coloring is an assignment of colors to the vertices or edges or
both subject to certain condition(s).

Definition 2[11]:A graph is a block graph if every block (maximal 2-connected component)
is a clique.If G is any undirected graph, the block graph of G, denoted by B(G) is a non
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separable maximal subgraph of the graph. It is clear that any two blocks of a graph have at
most one vertex in common.

3. BLOCK CLORING

Let G be a graph with k vertices, m edges and [ blocks, p,q,l = 1. Let V(G) = {v1, va,
..., Un}, E(G) ={e1, €2 ..., em}, B(G) ={B1, B2, ..., B} denote the vertex set, edge set and
the block set of G respectively.

Definition S: AUM Block Coloring
AUM block coloring of a graph G is assignment of colors to the blocks of G.

Definition 6: Proper AUM Block Coloring
AUM block coloring of G is proper if different colors are assigned to the blocks that have a
common vertex.

The minimum number of colors required for proper AUM block coloring of the graph G, is
called AUM block chromatic number. It is denoted as 35

3.1 BLOCK COLORING OF STANDARD GRAPHS WITH SINGLE BLOCK
First, we consider the standard graphs with single block.

Proposition 1: For k = 3, the AUM block chromatic number of cycle, C, is 1.
Proof: We consider cycle c,with k = 3 nodes. We prove by induction that the cycle with k
nodes will have only one block. Therefore the AUM block chromatic number is one.

Case (i) Letk =3

Let C3 be the cycle with 3 nodes. The vertices be v1, V2, v3, edges be e1 = {viva}, €2 =
{vovs}, e3s = {vsv1}. Since the cycle is a closed walk, it has only one block B1. This block is
colored with color c¢1. The AUM block chromatic number of cycle c3 is 1.

Case (ii) Letk = 4

Let C4 be the cycle with 4 nodes. The vertices be vq, vy, U3, V4 edges be e; = {v1v,}, e, =
{vov3}, e3 = {v3v4}, e4 = {v4v4}. Since the cycle is a closed walk, it has only one block B1.
This block is colored with color c1. The AUM block chromatic number of the cycle c4 is1.

U1
V2

Bl =C1
Vg VU3
Fig 1, the cycle
Case (iii) Letk =k —1

Let Cx-1 be the cycle with k —1 nodes. The vertices be vi, V2, V3, Vs, ..., Vk—1 edges be
e; = {viv2}, e2 = {vov3} e3 = {v3va}, €4 = {vgvs}, ..., 1 = {vi_1v1}. Since the cycle
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ck-11s a closed walk, it has only one block Bi. This AUM block is colored with color c¢1. The
block chromatic number of the cycle cx-1 is 1.

Case(iv) Letk =k

Let Cx—1 be the cycle with k nodes. The vertices be v1, vz, U3, Vs, ..., Uk edges be e1 =
{v1v2}, e2 = {vavs}, es = {v3va}, es = {vavs}, ..., ex = {vkv1}. Since the cycle ck is a closed
walk, it has only one block Bi. This block is colored with color c¢i. The AUM block
chromatic number of the cycle ck is 1.

Proposition 2: For k = 2, the AUM block chromatic number of complete graph K, is 1.

Let the complete graph be K, with k vertices and m edges. Let v1, vo, v3, ..., Vn be the k
vertices. Since complete graph is the maximal connected graph, then complete graph has
single block for all k = 3. Then the AUM block chromatic number of complete graph is 1.

Proposition 3: For k = 3, the AUM block chromatic number of wheel graph, K, is 1.
The proof follows from proposition 2 and proposition 1.

Proposition 4: For k > 3, the AUM block chromatic number of grid graph P,xPmis 1.
The proof follows from proposition 2 and proposition 1.

Proposition 5: For k = 3, the AUM block chromatic number of gear graph G,is 1.
The proof follows from proposition 2 and proposition 1.

Proposition 6: For k = 3, the AUM block chromatic number of complete bipartite
graphKnqis 1.
The proof follows from proposition 2 and proposition 1.

Proposition 7: For k > 3, the AUM block chromatic number of fan graph Faris 1.
The proof follows from proposition 2 and proposition 1.
Remark 6: For any graph that has only one block, AUM block coloring is 1.

3.2 BLOCK COLORING OF STANDARD GRAPHS
We find block chromatic number of some standard graphs with [ > 2 blocks

Theorem 7: Every path Py, k = 3the AUM block chromatic number is 2.

Proof:Let P, k>3 be the path  graph. Let V(G) ={v,vs ...,vn},
E(G) ={ey, ey ...,e,_1}, B(G) = {B1, By, ..., B,_1} denote the vertex set, edge set and the
block set of P,.|V(G)| =k , |E(G)]=n—1,|B(G)| =k — 1. Based on the vertices on the
path P, we have following cases.

Case(i): Let k = 3&k is odd,
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Let Pn k =3 be the path graph. Let V(G) = {vi, v, ...,vn}, E(G) = {es ez...,€n1},
B(G) = {B1,Bz, ..., Ba—1} denote the vertex set, edge set and the block set of P,.|[V(G)| =
k,|E(G)| =n-1[B(G)| =k—1.

Assign the color ¢; to odd indexed blocks the path P,{B1, B3, Bs. ., Bn}. Color c; is assigned
to the even indexed blocks of the path P.,{B3, B, ..., Bn-1}. This block coloring is proper. The
AUM block chromatic number for the pathP,, k > 3 is 2. i.e., 3s(Pr) = 2.

Case(ii): Let k = 4&k is even,

Let Pn k =4 be the path graph. Let V(G) = {vi, v, ...,vn}, E(G) = {es, ez,...,€n1},
B(G) = {B1,Bz, ..., Ba-1} denote the vertex set, edge set and the block set of P,.|[V(G)| =
k,|E(G)l=n—-1,|B(G)| =k —1.

Assign the color ¢1 to odd indexed blocks the path P.{Bi, B3, Bs. ., Bn-1}. Color ¢z is
assigned to the even indexed blocks of the path P,{B;, By, ..., B,}. This block coloring is
proper. The AUM block chromatic number for the path P, k = 3 is 2. i.e., 3p(Py) = 2.

Example 8:In the fig. 2the AUM block coloring of path Ps

@ @ @ @ ®
V1 %) U3 Vy Us
Bi=c; By =, B3=cy By=c3

Fig. 2 path Ps

Theorem 2:The k —barbell graph B(K,, K,,), k = 2 the AUM block chromatic number is 2.
Proof:Let B(K,, K,,), k = 2be the k —barbell graph. Let V(G) = {uy, uy, ..., up} U {vy, vy,
..., Un}, E(G) ={e1, ez ..., enm-1)+1}, B(G) = {B1, B2, B3} denote the vertex set, edge set
and the block set of B(K,, K,,). [V(G)| =k, |[E(G)| = k(k —1) + 1,|B(G)| = 3.

Assign the color cqto the blocks Biand B3.The colorc;ybe assigned to the block B,.This block
coloring is proper. The AUM block chromatic number for the k —barbell graph B(K,, K,), is
2. i.e., 3Bl(B(Kn, Kn)) = 2.

In the fig. 3the block coloring of 3 —barbell graph B(K3, K3)

V1

Uy
BZ =Cy

Uus
us
vy V3
Fig. 3 3 —barbell graph B(K3, K3)
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Theorem 3: The windmill graph Wd(k, k)), k = 2,k = 2 the AUM block chromatic number
isk

Proof: Let Wd(k, k), k = 2,k = 2be the windmill graph. Let
V(@) ={vo} U {vll, v;, v13 ...,vi 1} U {v12' v;, v2 .., 12 1} U {v13, v;, v33 ...,vi 1} u..u

{v;l, vg, v23... , vzk 1}, E(G) = {eI, € ..., ey, BEG) =1ﬁ31, By, B3, ..., B} denote the vertex

set, edge set and the block set of Wd(k k), k=>2,k=2. [V(G)|=(-—-1)"+1,

|B(G)| = k.

Assign the colors cjto the blocks Bifor 1 < i < k and Bz. This block coloring is proper. The
AUM block chromatic number for the windmill graph Wd(k, k))k = 2,k = 2 is k. i.e.,

3p(Wd(k, k))) = k.

In the fig. 4 the AUM block coloring of windmill graph Wd(4,4)

Vo

Vo

Vo

Fig 4: WindmillWd (4,4)

Theorem 4: The friendship graph Fn k > 2, the AUM block chromatic number is k.

Proof: Let Fr k > 2,be the friendship graph. Let V(G) = {vo} U {v1, v} U {v2,v2} U

(13, v3} U ... UTvm, v} E(G) = {ey, eq, ..., e, B(G) = {By, By, Bs, ..., By} denote the vertex
1 2 1 2

set, edge set and the block set of friendship graph Fy, k > 2. |[V(G)| = (2)* + 1, |B(G)| =

k

Assign the colors cjto the blocks Bjfor 1 < i < k. This block coloring is proper. The AUM
block chromatic number for the friendship graph Fr,k > 2 is k. i.e., 3p/(F"),= k.

Theorem 5: The cactus graph C k = 2,k = 4 the AUM block chromatic number is k.
Proof: Let Cnk > 2,k > 3be the cactus graph. Let V(G) = {vo} U {v}, v}, v ..,v1 }U
K 2 -1
v, v, v2 ..., vz JU@3v3 3., v3 YU .LU{vy,oy o, vr LE(G) =
1 2 3 2 3 k—1 1" 2 3 k—1
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{e1, ez...,e}, B(G) = {B1, Bz, B3, ..., By} denote the vertex set, edge set and the block set of
(pk=22k=4. VG| =0U(-1D"+1,|BG)| =k

Assign the colors cito the blocks Bifor 1 <i < k. This block coloring is proper. The AUM
block chromatic number for the cactus graph €, k = 2,k = 4 is k. i.c., 331(0?( = k.

Theorem 6: The two copies of friendship graph F k > 2,joined by the path union ofP, the
AUM block chromatic number of G is k.
Proof: Let Fg, k > 2,be the friendship graph. Considering two copies of friendship graphs
Frconnected with the 2 vertices of the path P,. Let V(G) = {vo} U {v1,v1} U {v2,v2} U
3 1 2 1 2
{v3, v3} U ..U {vn, v} U {uo} U {ul, ul} U {uz, u2} U {u3 u3}t U ..U {un, unZ},B(G) =
1 2 1 2 1 2 1 2 i 2 1

{B1, B, B3, ..., B2n+1} denote the vertex set, and the block set of friendship graph Fg, k > 2.
V(6| = 2(2)" +2, |B(G)| = 2k + 1.

Assign the colors cito the blocks Bifor 1 < i < k of first friendship graph. Colors ¢il <i <
kto the blocks Bjfor k + 1 <j < 2k of Second friendship graph respectively. Block By, 1 is
colored with the color which is not colored to the blocks B1&Bn+1 This block coloring is
proper. The AUM block chromatic number for the two copies of friendship graph F3 k >
2,joined by the path union ofPzis k + 1. i.e., 35(G) = k.

Theorem 7: The two copies of cactus graph Ch k = 2,k > 4,joined by the path union ofP;,
the AUM block chromatic number of Gisk.

Proof: Let Cp,k = 2,k > 3be the cactus graph. Considering two copies of cactus graph

Cipk = 2,k = 4connected with the 2 vertices of the path P, Let V(G) = {vo} U
{vy,v, vt ...,v1 }U{wzv2v2..,v2 }U{w3v3,v3...,v3 }U..U

1 k—1 1.2 3 k-1 2 3 k=1
{vr, v, vn om0 FU{ued U {ut,ut,ul ., ul JU {u2,uz,u?...,uz2 }U
3 k—]} 1 2 3 k=1 1 {2 3 k—1
{ui, u?é, u33...,u3 u..u {uln, u;, w; ,wll{ 1},, B(G) = {By, By, B3, ..., By,+1} denote the

vertex set, and the block set of Ct, k = 2,k = 4. |[V(G)| = 2(k — )"+ 2, |B(G)| = 2k +
1.

Assign the colors cjto the blocks Bifor 1 < i < k of first cactus graph Cy k = 2, k = 4.
Colors ¢i1 <i < kto the blocks Bjfor k + 1 <j < 2k of Second cactus graph Gr, k =
2, k = 4 respectively. Block By, 1 is colored with the color which is not colored to the
blocks B1&Bn+1. This block coloring is proper. The AUM block chromatic number for the
two copies of cactus graph C% k > 2, k = 4,joined by the path union ofP,is k. i.e., 35/(G) =
k.

Theorem 8: The two copies of graph windmill graph Wd(k, k)), k = 2, k > 2,joined by the

path union ofP;, the AUM block chromatic number of Gisk.
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Proof: Let Wd(k, k)),k = 2,k = 2be the windmill graph. Considering two copies of

windmill graph Wd(k, k)), k = 2,k = 2connected with the vertices of the path P,. Let
V(G) = {vo} U {v,v,vt..,v1 }U{w2v3v2..,v2 }U{wv3v3..,v3 }U..U
-1

1.2 -1 1 2 3 -1 1" 2 3 k
{fvr, vr, v ., vn 3 U {ue} U {kul, ut,ul ...,,ut }U {kuz, uz,u?...,u? }uU
3 k— 17273 k=1 1 2 3 k—1
{us, us, us ..., ud ]} U..U{u,uy,ur...,ur }, B(G) = {B1,B2, B3, ..., B2ns1} denote the
1 2 3 k 1 2 3 k—1

vertex set and the block set of Wd(k, k)),k=>2k=>2. [V(G)|=2k—-1)"+2,
|B(G)| =2k + 1.

Assign the colors cjto the blocks Bifor 1 < i < k of first windmill Wd(k, k)), k = 2, k > 2.
Colors ¢i1 <i < kto the blocks Bjfor kK + 1 <j < 2k of second windmill
graphWd(k, k)), k = 2, k > 2 respectively. Block Bzn+1 is colored with the color which is
not colored to the blocks B1&Bn+1 . This block coloring is proper. The AUM block
chromatic number for the two copies of windmill Wd(k, k)), k = 2, k > 2,joined by the path
union ofP,is k. i.e., 35,(G) = k.

Theorem 9: The three copies of friendship graph F k > 2,joined by the path union ofPs3,
the AUM block chromatic number of G is k.
Proof: Let Fg, k > 2,be the friendship graph. Considering three copies of friendship graphs
Frconnected with the vertices of the path P3. Let V(G) = {vo} U {v1, v1} U {v2,v2} U

3 1 2 2
{v3, v3} U ..U {vn, v} U {uo} U {ut, ul} U {uz,u2} U {u3,u3} U ..U {ur, ur} U {Wo} U

1 2 1 1 1
{wt, w1} U {w?, w2} U {w3, w3} U ]U {ZW", W"},B(ZG) = {kl, %‘2, B3, ..., By,41} denote the

1 2 1 2 1 2 1 2

vertex set and the block set of three copies of friendship graph F3,k = 2. |[V(G)| =
3(2)" +3, |B(G)| = 3k +2.

Assign the colors cjto the blocks Bjfor 1 < i < k of first friendship graph. Colors ¢i1 <i <
kto the blocks Bjfor k + 1 <j < 2k of Second friendship graph respectively. Colors
¢il <1i < kto the blocks Byfor 2k + 1 < k < 3k of third friendship graph.

Blocks B3n+1&B3ni2are colored with the colors which are not colored to the blocks
B1&B;,11&B3,+1. This block coloring is proper. The AUM block chromatic number for the
three copies of friendship graph Fg, k > 2,joined by the path union ofP3is k. i.e., 35,(G) =
k.

Theorem 10: The three copies of cactus graph C k = 2, k = 4,joined by the path union

ofP3, the AUM block chromatic number of Gisk.
Proof: Let Cl:l,k > 2,k > 3be the cactus graph. Considering three cactus graph C';;k =
2,k = 4connected with the vertices of the path Ps. Let V(G) = {vo} U {v1, v1, v! ..., vlk ju
3 -1

v v, v2 .02 JU 3 v 3,3 U LU {vyonor L, or FU{ugt U

1 k—1 3 -1 k—
{ut,ut,ut ..., ut }U {2 udu?..,uz }U{ududud..,u3 }U..U

1 2 3 k—1

1 -1
{fur, um, un ..., un U {wp} U {wl, wi,w! .. 6 wl
1 2 3 k—1 1 2 3

k—1
U{wzwzw?2.., w2 }U
k—1 2 3 k—1
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fw3, w3, w3 ..,w3 }U..U{wr,wr,wr..,wr }, B(G) = {B1,B2 B3, ..., Bsns2} denote
1 2 3 k—1 1 2 3 k-1

the vertex set and the block set of three copies of cactus Cik > 2,k > 4. |[V(G)| =
2(k — 1"+ 2, |B(G)| =2k + 1.

Assign the colors cjto the blocks Bifor 1 < i < k of first cactus graph. Colors ¢il <i < kto
the blocks Bjfor k + 1 <j < 2k of Second cactus graph.Colors c¢il < i < kto the blocks
Byfor 2k + 1 < k < 3k of third cactus graph . Blocks B3n+1&B3n+2are colored with the
colors which are not colored to the blocks B1&Bn+1&B2n+1. This block coloring is proper.
The AUM block chromatic number for the three copies of cactus graph (k= 2,k >
4,joined by the path union ofPsis k. i.e., 35(G) = k.

Theorem 11: The three copies of graph windmill graph Wd(k, k)), k = 2, k > 2,joined by
the path union ofP3;, the AUM block chromatic number of Gisk.

Proof: Let Wd(k, k)),k = 2,k > 2be the windmill graph. Considering three copies of

windmill graph Wd(k, k)), k = 2,k > 2connected with the vertices of the path P,. Let
V(G) = {vo} U {v,v,vt..,v1 }U{w2v3v2..,v2 }U{w3v3v3..,v3 }U..U
-1 - -1
{fvm, vr, v L, vn o FU {wed U {ut,ut,ul ..., ul U {u? u? u? ...,ui ju
- -1 3 -1
{u3, ud, us ..., us U..U{uy,ur,ur...,ur }U{wo}U{w,w,w!.,wt }U
1 -1 - k—1
{wz, w2, w2 ..., w2 }U{ws3 w3 w3 . 6 wi U..U{wr,wnwn.. we 3} B(G) =
1 2 3 2 3 1 2 3 k-1

{B1, By, B3, ..., B3,+1} denote the vertex set, edge set and the block set of three copies of
windmill Wd(k, k)), k = 2,k = 2. [V(G)| = 2(k — )" + 2, |B(G)| = 2k + 1.

Assign the colors cito the blocks Bifor 1 < i < k of first windmill Wd(k, k)), k = 2, k > 2.
Colors ¢i1 < i < kto the blocks Bjfor kK + 1 <j < 2k of second windmill
graphWd(k, k), k =2,k =2 respectively. Colors ¢i1 < i < kto the blocks Bifor 2k +
1 < k < 3k of third windmill graph . Blocks B3,+1&B3n+2are colored with the colors which
are not colored to the blocks B1&B,,+1&B;,+1. This block coloring is proper. The AUM
block chromatic number for the three copies ofwindmill Wd(k, k)), k = 2,k = 2,joined by
the path union ofPsis k. i.e., 35:(G) = k.

Theorem 12: Thek copies of friendship graph Fnyk > 2,joined by the path union ofP,, the
AUM block chromatic number of G is k.

Proof: Let Fp, k > 2,be the friendship graph. Considering k copies of friendship graphs

Fzconnected with the n vertices of the path P,.Let
V(G), E(G), B(G) = {B4, By, B3, ..., B2,,,_1} denote the vertex set, edge set and the block set
of n copies of friendship graph F3,k > 2. [V(G)| = n(2)" +n+1, |B(G)| = k%2 + k — 1.

Assign the colors cito the blocks Bifor 1 < i < k of first friendship graph. Colors ¢i1 <i <

kto the blocks Bjfor k + 1 <j < 2k of Second friendship graph respectively. Colors
¢il <1i < kto the blocks Byfor 2k + 1 < k < 3k of third friendship graph. The same colors
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are assigned to corresponding blocks of each copy of friendship graph.Blocks B,241Bn2+2,
Bn2.13,Bp244,..,Bn240n—1 are colored with the color which are not colored to the blocks
B1&Bn+1B2n+1, B3n+1, . - ., Ba—1n+1. This block coloring is proper. The AUM block
chromatic number for thek copies of friendship graph Fp k > 2,joined by the path union
ofPuis k. i.e., 351(G) = k.

Theorem 13: Thek copies of of cactus graph Ct k = 2,k = 4,joined by the path union ofP,
the AUM block chromatic number of Gisk.

Proof: Let Cp,k = 2,k = 3be the cactus graph. Considering k copies of cactus graph
Ci k = 2,k = 4connected with the n vertices of the path P, et V(G),E(G),B(G) =
{B1, B2, B3, ..., Bp21_1} denote the vertex set, edge set and the block set of n copies of cactus
C(pk=>22k=>4 VG| =k(k—1"+2,|B(G) =k2+ k-1

Assign the colors cito the blocks Bifor 1 < i < k of first cactus graph. Colors ¢il <i < kto
the blocks Bjfor k + 1 <j < 2k of Second cactus graph.Colors ¢;1 <i < kto the blocks
Byfor 2k + 1 < k < 3k of third cactus graph . The same colors are assigned to
corresponding blocks of each copy of cactus graph.

Blocks B,2,1Bn242, Bn2i3,Bn244,..,Byp24n_1 are colored with the color which are not
colored to the blocks B1&B;1+1B2n+1, B3n+1, - - -» Bn—1)n+1. This block coloring is proper.

The AUM block chromatic number for thek copies of cactus graph Ch k > 2,k > 4,joined
by the path union ofPyis k. i.e., 35(G) = k.

Theorem 14: Thek copies of of graph windmill graph Wd(k, k)), k = 2,k > 2,joined by
the path union ofP,, the AUM block chromatic number of Gisk.

Proof: Let Wd(k, k)),k = 2,k = 2be the windmill graph. Considering two windmill graph
Wd(k,k)), k = 2,k > 2connected with the n vertices of the path P, Let V(G), E(G),
B(G) = {B1, B2, B3, ..., Bsn+1} denote the vertex set, edge set and the block set of n copies of
windmill Wd(k, k)),k = 2,k = 2. |[V(G)| = 2(k — 1) + 2, |B(G)| = 2k + 1.

Assign the colors cjto the blocks Bifor 1 < i < k of first windmill Wd(k, k)), k = 2, k > 2.
Colors ¢i1 < i < kto the blocks Bjfor k + 1 <j < 2k of second windmill
graphWd(k, k), k =2,k =2 respectively. Colors ¢i1 < i < kto the blocks Bifor 2k +
1 < k < 3k of third windmill graph . The same colors are assigned to corresponding blocks
of each copy of windmill graph.

Blocks B,2,1Bn242, Bp2y3,Bn244,Bp24n_1 are colored with the color which are not
colored to the blocks B1&Bn+1B2n+1, B3n+1, ..., Ba—nn+1. . This block coloring is proper.

The AUM block chromatic number for thek copies ofwindmill Wd(k, k)), k = 2, k =
2,joined by the path union ofPyis k. i.e., 35,(G) = k.
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4. CONCLUSION

In this paper, we have introduced the new definition of block coloring, and found that the

block chromatic number ofpath, cycle, complete graph,k —barbell graph, windmill graph,

friendship graph, cactus graph, bipartite graph and their extensions. The work has huge scope

for further continuation and application in power industry and management etc.
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